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The boundary layers associated with gravity waves in a fluid with a linear
variation of density are discussed in order to examine the steady Eulerian
velocities induced by the Reynolds stress. For the case of a standing wave, the
induced steady motion is shown to decay in an outer boundary layer which
represents a balance between buoyancy and diffusion when the wave slope is
sufficiently small but when viscous decay effects are even smaller. When the
wave slope is larger, it would appear that two outer regions must be considered.
Results for progressive waves are discussed only briefly, as they are qualitatively
similar to the surface wave case.

1. Introduction

Thorpe (1968a,b) has discussed recently the modification of internal gravity
waves due to second-order, finite amplitude effects. In order to supplement his
discussion of the inviscid problem, we discuss here the modification of the low
due to viscous boundary layers existing at horizontal walls.

Rayleigh (1884) and Longuet-Higgins (1952) have demonstrated that mean
Eulerian velocities can be generated in wave-induced motions due to such bound-
ary layers, when terms of the second order in amplitude are considered. For the
case of a progressive wave, the mean vorticity generated in the boundary layer
diffuses throughout the main body of the fluid (cf. Longuet-Higgins 1960).
For the case of a standing wave, as Rayleigh demonstrated in his discussion of the
Kundt’s dust tube phenomenon, the mean motion can decay, for a homogeneous
fluid, in an outer region whose characteristic length is comparable to the wave-
length. As discussed by Stuart (1966) and Riley (1965, 1967), Rayleigh’s con-
clusion holds only when the Reynolds number associated with the steady induced
flow is sufficiently small. When this condition does not hold, a second boundary
layer can exist in which the mean motion decays. This layer, whose characteristic
length can be much less than that of a wavelength but much greater than that
of the inner Stokes layer, represents a balance between advection and diffusion
and is therefore inherently non-linear in nature. For the case of a standing wave
in a stratified fluid, we shall demonstrate that a second boundary layer can exist
which represents a linear balance between buoyancy and diffusion.
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2. Equations of motion and the inviscid solutions

The stratification is taken to arise from a linear variation of temperature be-
tween two parallel, horizontal walls, which bound the fluid and which are main-
tained at constant temperature. The Boussinesq approximation is made. The
results should be representative of other smooth variations of density when this
approximation is applicable.

Consider a co-ordinate system positioned on the lower wall, which is a distance
H from the upper wall, and let # and § denote distance parallel and perpendicular
to the wall, respectively. Let & denote a characteristic disturbance amplitude,
o a characteristic frequency, & a wave-number, ¥ a stream function for our
assumed two-dimensional motion, g the acceleration due to gravity which acts in
the direction of negative 7, and ¢ time. We introduce the non-dimensional vari-
ables

x = &%, y=mnnj/H, 1= 0t 2.1)
= (EcH|nm)yr, a=d&Hnm, €= éo”a,} '
where @ = off[of, ¥ = —af/o. (2.2)

The factor (n7), n being an integer, is to be associated with the particular mode
considered (the above definitions allow the increasing importance of viscosity
with n to be seen explicitly in the equations).

The temperature is defined as

T = To[1+ (y§/H) + (ey[nm) T, (2.3)
so that the density is given by the equation of state as
P = poll+ (T —T)] = pol L + BY{(F/H) + (e]nm) T}]. (2.4)
The factors 7'y and j, are, respectively, a reference temperature and density, and
we have defined g = BT, (2.5)
The pressure is defined as
B = Do— Pogld + (YA [2H) ] + (PeE0?|8) p (2.6)
The momentum equations are
A L ) 323/’} _ A e
67’6y+€{6y3xay—8x o) = N Vi (2.7)
A L A ' } R @P (Vﬂg ayl??
and row {8y o 0w agom) - oyt H) T+ AV (2.8)
2 a 2 s 1 2
where V= a—y2+a e and A7! = yy(n7)?/cH?, (2.9)

v, being the kinematic viscosity, which, consistent with the Boussinesq approxi-
mation, is taken to be constant. The temperature equation is

o (W W\ o _ oo,
E”{ayax 6z3y}—_ (PA)-1 V2T, (2.10)

where P is the Prandtl number.
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We assume that A > 1, ¢ € 1, and expand as
¥ =2eAdy,, (2.11)
raq

the expansion in half-powers of A being dictated by boundary-layer displace-
ment effects. The governing equation for 1/, is readily obtained as

0% ga?\ 02
55 V¥Ygo— (Yfm ) —é’i‘;" =0, (2.12)

which admits solutions for standing waves, say, of the form

Yoo = AsinysinzcosT, (2.13)
Ty = AsinycoszsinT, (2.14)
satisfying the inviscid wall boundary conditions and a condition of constant wall
temperature if 2
ot = _ P92 (2.15)
H(1+a?)

The frequency would have to be corrected for higher order viscous and non-linear
effects, but our analysis will not extend to that order. Using (2-15), the vorticity
equation can be expressed as

{%+e(%ﬁ_%3)}v2¢=_(1+a2)g+1\—1v4¢. (2.16)

The equations for ¢r;, and 7}, for the standing wave case, are
Ty

0
57 Vit (1+a?) == =0 (2.17)
Ty Y _ 4% . :
and S w4 Sn 2y sin 27, (2.18)
Particular solutions are Yio=0
and T, = — 3A2sin 2y cos2r + T,y (y). (2.19)

We allow the existence of an arbitrary function 7},(y) because it cannot be deter-
mined further at this stage. In order to determine 7},(y), we would have to con-
sider terms of O(eA—1}in (2.10), at which order diffusive effects define the solution.
In order to obtain the governing equation, the convective terms would require
that the solution be determined through O(A—%). But in order to obtain a solution
at that stage, we would either have to allow for viscous decay of the wave (cf.
Dore (1968)) or stipulate some forcing mechanism. We wish to avoid this complica-
tion and so suffer from our inability to define rigorously 7},(y). A condition which
has been applied by Thorpe (1968a, p. 512; 1968b, pp. 582 and 588) results from
stating that the unperturbed density of a particle originally at § be equal to the
density of the particle at § + 7, where 7 is the displacement, and, in order to close
formally the problem, we choose to apply this (non-diffusive) condition. For the
present case (cf. 2.3), we have

L+ 0g/H) = 1+ (i @+ 1)+ () 7@+ (2.20)
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Expanding # in terms of € and using a Taylor’s expansion to expand about the
mean location, we find T, = 1A%sin 2y, (2.21)

in order to satisfy the condition.
For the case of a progressive wave described by

= Asinycos (x+7),
Voo ' yeos(x+7) } (2.22)
Too = Asinycos (x+7),
we find T,o = Tioly) = $A%sin 2y. (2.23)

3. The Stokes layer solution for the stream function

We now consider the wall regions, where Stokes type boundary layers, with
thickness of O(A™%), are required. The form of the inviscid solutions suggest
the definitions (cf. § 5 for further discussion of the temperature scaling)

U= J2A (X, x,7), T = J2A10(,2,7), (3.1)
where Y =(Aty/2). (3.2)
Then (2.16) and (2.10) become
3 Mo o w199 1o
30 B‘F o0 v o0 3‘P' 1
where Vi = & + 202 A~ 1 62 (3.5)
17 37? )

Now ¢ can be expanded in a manner similar to (2.11). We wish to emphasize the
non-linear effects in the boundary layer and to avoid allowing for decay in the
wave amplitude; we will therefore simply state that

e> A, (3.6)

50 that the waves can be assumed to be of constant amplitude. On the basis of
(3.3), it appears that buoyancy will have no effect upon the velocity field up to
O(A™Y). Therefore, the steady flow induced by the Reynolds stress will be the
same as for a homogeneous fluid, at least within the Stokes layer. As we shall show
later, this statement is not necessarily valid outside the Stokes layer.

The pressure is constant up to O(A~1) through the boundary layer so that it is
simpler to work with the inner form of the x momentum equation (2.7). We then
obtain for a standing wave

PV —9 PWop _ 2 Poo

Y 25y =2 o = 24 sinzsinT (3.7)

g ST 0¥y _ 510 WPV W9 ®Fgg
and 57* 2eay 2 ow T2|BY a¥ox  ow o7 (3.8)
2
where % = —AZ sin 2z (1 + cos 27). (3.9)
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The well-known solution of ¥, is

Yoo = $A sinz{foo(¥) e +fo6(¥) 77}, (3.10)
where the asterisk denotes the complex conjugate and
foo = Y=} (1=i) {1 —e-@+¥}, (3.11)

This function satisfies the no-slip wall boundary condition and matches the
first term of the inner expansion of the outer solution for large Y.
The second-order problem is solved by taking

Wi = 14%sin 2z {2510( Y)+¢o(Y) e + Po(Y) e~ %} (3.12)

and substituting into (3.8). The solutions are given, for example, by Stuart
(1963, p. 384) as 141 . ,
+1 . 1Y . 1+1
— —(1+) Y V2 ~(1+)Y _
0= 53¢ +5e i (3.13)
and
Pro=0,Y2+22 3V ~1e2Y _3eF¥cosY—e¥sinY—34Ye¥sinY. (3.14)

We set C, = 0 on the basis that an acceptable match to a secondary boundary
layer can thereby be made. For further discussion of this point, the reader is
referred to Riley (1967, 1965).
For the case of a progressive wave (2.22), we let
Woo = 34 {foo(Y) @47 1 fiy( ¥) e~4@47), (3.15)
where fyo(Y) is defined by (3.11). The equation for V', is given by (3.8) where

—agxﬁ = 1A%sin 2(x+ 7). (3.16)
Let ¥ip = $A%P1o(¥) + iy @7 — igpfoe=2leim}), (3.17)

Then ¢,,(Y) is given by (3.13), while the steady velocity is (Phillips 1966,
equation 3.4.25)

ddio/dY = -3+ Ye¥(cos Y +sin Y)+eF(2co8Y ~sin ¥)—3e2¥. (3.18)

Asboth (3.14) and (3.18) indicate, the steady induced flows fail to decay within
the Stokeslayer. Inthe case of a standing wave, it will be demonstrated in the next
section that the steady flow can be contained within a second boundary layer
where a balance between buoyancy and diffusion exists. In contrast, no steady
vertical component of velocity is generated by the progressive wave, and so buoy-
ancy naturally cannot be directly influential in determining the streaming out-
side the Stokes layer. The outer flow problem would therefore be essentially
similar to the flow induced near a wall by a free surface wave in a homogeneous
fluid. Longuet-Higgins (1960) discussed how the vorticity generated in the bound-
ary layer diffuses outward until a steady state is reached on a time scale O(A)
with respect to 7. This would exceed the time scale O(A%) over which a free oscil-
lation decays with time, and so some forcing mechanism must be stipulated in
order to define a steady-state problem. The reader is referred to Kelly & Vreeman
(1970) for an analysis of a problem when thermal forcing occurs at the wall;
the following discussion will be mainly restricted to the case of a standing wave.
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4. The outer viscous region for a standing wave

We now consider the behaviour of the steady, spatially periodic flow outside
of the Stokes layer. The steady part of ¥ is of O(e) outside the wall layer. With
reference to the vorticity equation (2.16) we note that if stratification were absent
the outer flow would be governed by the biharmonic equation if €2 € A-1. This
situation corresponds essentially to that studied by Rayleigh (1884). The second-
ary flow would extend throughout a region of thickness &1 or H, depending upon
which length is smaller. For ¢ > A~1, a secondary boundary layer, again for the
homogeneous case, is possible whose thickness is O(¢~1A~?), as demonstrated by
Stuart (1966) and Riley (1965, 1967). In this region, a balance is made between
advection and diffusion. When stratification is present, another possible balance
arises, namely, that between buoyancy and diffusion. This balance appears to be
possible in a region whose thickness is O(A~%), i.e. somewhat greater than Stokes
layer but typically much less than the width H. This layer is analogous to the E3
(£ being the Ekman number) Stewartson layer in homogeneous rotating fluids
(cf. Veronis 1967).

We therefore introduce the variable

Z = Asy (4.1)

and define an appropriate stream function and temperature distribution in this
region as

¥ = Asinz{A~¥ZcosT—A~tcos (1 — 7)) + O(A" W+ eA~W1(z, Z,7) (4.2)
and T = Acosa{A+ZsinT+A-}cos(1+im) +O(A )} +ebi(x, Z,7), (4.3)

The terms in parentheses represent the lowest order term in the expansion of the
inviscid solution together with the next order effect due to the Stokes layer (cf.
(8.11) and (5.6)). As Z becomes small, we have from (3.14)

W= — 3427 sin 22. (4.4)

Upon substitution of (4.2) and (4.3) into (2.16), cancelling terms which correspond
to the linear inviscid solution, and applying (3.6) we can obtain

aZ\P‘I T a
} ¥ i hall
A 62261+6A {[Asmxcos*r+e EZ]ax

1 2T
—A [cosx{Zcos'r—A—éCOS(T_%ﬂ)}_i_e%] 7 }6‘}"

0Z) oZ*
06T AVI L
= —(1+a2)a—x+—a*ZT+ O(A-3). (4.5)
We expand ¥7 and 67 as
W =W+ eVio+ AFWE 1 +0(e? eA?), (4.6a)
0 = 6%+ ey + A3 68 3+ 0(e?, eAd). (4.685)

The equation for W, requires that ¥}, be steady, as it is in view of the condition
(4.4). It is clear that O(1) terms in (4.5) will give an equation for ¥}, and that this
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equation will consist of a linear balance between buoyancy and diffusion if
€2A3 < 1. The range of validity for the solution to be discussed is then

At <ge<g At (4.6¢)

The equation which is obtained by taking the mean with respect to time of the
O(1) term is

a4§/f00 6000
The temperature equation can be expressed as
o
A @+{[A s1nzcos'r+ea:; ]
- [A cosx {Z cosT— A~ cos (T ")} a:; ] } {AZ cosxsinT+eA¥07}
T 1 0%t
o PozZr (4.8)

The O(A3) term in (4.8) requires that 6% be steady. It will be demonstrated in the
next section that the boundary condition at the outer edge of the thermal Stokes
layer is such that this is true. If the mean of the O(1) terms in (4.8) is taken, with
the restriction (4.6¢), we obtain

1 2204, oYL,

P oz + e = 0. (4.9)
Combining (4.9) and (4.7), we obtain
ok, Wy _

376 +P(1+a?) preal 0. (4.10)
If we let Wiy = —1A%sin 2z ¢,(2), (4.11)

then ¢, ~ €22,
where A=+0Q, (v ! ; ZN/3) Q, (1 izh/3) Q (4.12)
and Q = {4P(1 + a2}, (4.13)

A solution, composed of the terms which decay with Z and which satisfies the
condition (4.4) as Z - 0, is

b, = 2~/ —;ozsm‘/ QZ+K [ ~0z_ 40z {cos_“/_;gz_:/%sin%f Qz}], (4.14)
Where K is arbitrary at this stage. We note that ¢, decays to zero within the
A% layer. In comparison to Rayleigh’s solution, it clearly indicates the strong
inhibiting effect of gravity upon steady vertical motion in the stratified case. In
comparison to the Riley—Stuart solution, it indicates the inhibiting effect of
stratification upon separation as no solution of their type would be possible in
homogeneous flow at those points at which advection of vorticity does not
oppose diffusion.

10 FLM 42
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If wenow define

2

0k = 1% cos 2x 0,(Z), (4.15)

0, is determined from (4.9) as

_ V3 oz [ 4, V392 JZQZ
0, = Qse Z[sm % —4/3cos¥—"— ]
K[ B JQZ 1 J3QZ
& 1.-e 1Q . (4.
+Q2[e Zte Z{cos (J3 \/3) 5 }] (4.16)
2
44
14
I y—ra—— 0 o5 03 04 05 0s
Ps

Ficure 1. The function ¢,(Z), as defined by (4.9) for @ = 2-0.

The constant K is determined by stipulating 6, approaches zero as Z becomes
small. If this were not true, we would have to solve the equation

@T)dY? = 0

within the Stokes layer, together with the boundary conditions that 7'(0) =
and that T approaches a constant for large Y. No such solution exists, and the
resulting value of K is then found to be

K = —3/2Q. (4.17)

With this result, ¢(Z) and 6,(Z) are shown in figures 1 and 2 for ¢ = 2. The
buoyancy balance is clearly characterized by an oscillatory behaviour in the
vertical direction of the induced mean motion,

When ¢ > A—%, a balance between advection and diffusion would at first
seem to be appropriate for the outer region, which would then have the character-
isticlength (eA%)~1. Buoyancy would exert only a higher order effect in this region,
and so the governing equation for the mean flow in this region would be the same
as for homogeneous flow, which has been discussed by Riley (1965). Riley obtained
a solution to the resulting non-linear partial differential equation by expanding
about a stagnation point of the steady flow where the flow is directed towards the
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wall. If his series solution is then used to solve for a temperature field, one finds
that the temperature grows as (y/e) at the outer edge of this region. Another
region, with a characteristic length A3, is again required. Buoyancy, advection,
and diffusion appear in the vorticity equation appropriate for this third layer,
and the equation is similar to (4.5) when (€2A%) is of order unity. A numerical
approach to the problem would appear to be required.

4
3 -
N 2L
14
L 1 1 ]
—0-2 ~0-1 0 0-1 0-2
0,

F1aure 2. The function 0,(Z) as defined by (4.14), for @ = 2:0.

5. The Stokes layer solutions for the temperature distribution

We have been able to delay detailed discussion of the thermal Stokes layer up
to this stage because it plays an essentially passive role, responding to velocity
fluctuations in the wall layer and to temperature fluctuations in the inviseid
and outer boundary-layer regions. The outer boundary layer plays a crucial role,
however, in determining the expansion of the temperature for the case of stand-
ing waves (the reader is referred to a paper by Merkin (1967) in which a somewhat
similar result was obtained when a non-linear balance was struck in the outer
region for a flow induced by a cylinder with an unsteady temperature distribution).
With reference to (3.4), we expand for a standing wave as

Oz, Y,7) = O+ €A¥ 0, + €09+ 6230, 1 + O(c3A}), (5.1)

where 0, and 6, ; must match, for large Y, to the leading terms of the inner
expansions of (2.14) and (4.15), respectively. The lowest order modification of
the steady temperature distribution within the Stokeslayer is therefore controlled
by the outer boundary layer. For A—% < ¢ < A%, this effect is more important
than any other boundary-layer process, at least as far as the temperature is
concerned. The vorticity equation remains unaffected by the buoyancy term up
to O(eA—%).
From (4.15)-(4.17) we have
01,4(2, Y) = _%Z; cos 2z (5.2)

10-2



148 R. E. Kelly

as Y becomes large. From (3.4), it is clear that (5.2) is the solution throughout
the Stokes layer.
The functions 6, and 8,, satisfy the equation

_]'_62000__ 2 % — a‘FOCI

Pav: ‘or = (5.3)
180, 80, Wi (0%00800 9¥e0d04
and Pov: 2or - @ +2{3Y oz :97]- (5.4)

A solution of (5.3) which satisfies the condition 0(z, 0, 7) = 0 and matches
the outer solution is . .
Ooo = — 44 cos 2 {goo( ¥) €7 +gio( V) e}, (5.5)
where

. 14¢ 1+¢ P 1) T 14¢ 1 Ty
goo—"Y_(T)_(T)(I—P)e R S A Vo] - (5:6)

In order to solve (5.4), let
Or0 = +A%G,0(Y) + A2 cos 22§,0(Y) — A% cos 2x {g,o(Y) €27 + gf(Y) e~27}
+ 342 {10(Y) 27+ G1o( V) e27},  (5.7)

where each of the functions must be zero at the wall. Upon substitution into
(5.4), the solution for g,,(Y) which matches (2.21) for large Y is found as

1— P} +Pe—<1+P*>Y (1—Phcos(1—PH Y
(1=P2) " 2(1-—P?) {+(1+Pa’s)sin(1_P%)Y}

P P
[, ~-Y - =Y o
+ (1 P) Ye cos Y (1 P) € sin Y

§(Y) = Y+2

Pt b
-ply -
a P)Ye cos Pz Y
TR A " 3 — PtY + (P¥+1)sin Pt
5 P){(Pa 1)cos P2Y + (Pz+1)sin P2Y}. (5.8)

The function (g,4(Y)~— Y) is illustrated in figure 3 for two values of Prandtl
number. This function represents the deviation within the wall region of the
second-order mean-temperature distribution from the non-diffusive result. A
maximum exists in this region, which suggests a mildly destabilizing influence.
The function §,(Y) is matched for large Y to the unsteady part of 7, (2.19),
whereas a solution for g,,(Y) can be obtained so that it approaches a constant
for large Y and consequently causes only a higher order effect on the outer flow;
the solutions are
) — 3
Duo(¥) = Cpemasn0IY 4 4(1(1 Pl))(fil 2331;_) P)

=1+ A+PH Y

1 . 1
+ p3 Ye-(+) Py 4 @=1)(3+P*) f-1+0) Py
2

(1-P) 4(1=P)
s P ,
P ) G — ¢ S X)) 4

(1—1) P2
T 42-P)(1-P) 2(1—2P)
1-4)P2(4P -3 . 1—2¢
S APy (P T (5.9)
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where
1-i [ P(1+Pf) p* 2PY(4P - 3)
= * _ _ i S
G 4(1—P)[1+2P%—P+3+P tpes D) - gpp ] (5.10)
and g1l Y) = Cge~ 119 @PRY | ———“8(111 7) Ye—0+0¥
e p~(1+)Y —(1+3) PPV
T81-Py1—-2p)" s1=P) 1"
(i—__.i—)(l‘-i_fi) e—(l‘f‘i)P}I'_i__gl;i)_P_e__(l_H)y‘/z
16(1—-P) 162 (1-P)
(1—9) P(1—P}) e~ +PHY 1-
t 6(1=P) (1 +2PE-P) +1673 6\/2, (5.11)
1—1 2 V2 P(1-PY
= p N M S A
where C, 16(1—P)[1——2P+1+ + P +(1+2P#——P)]' (5.12)

06

G1(Y)-Y

Ficure 3. The behaviour of the second-order correction to the mean temperature
distribution within the boundary layer.

The function F,,(Y) is of special interest, because it is forced in part by the
steady velocity field. In fact, the steady velocity field givesrise to the most rapidly
growing part of §,,(Y). The solution is

P P 3 P (1-2P
Gl ¥) =7 P == V240,V +Co+ 1 (1 ;))ezml(—r_ip)n—%osy

P(5—-4P P{3-2P . Pt 4
il ~Y e - _ _ V.-P'T
+4(1—P) cos Y — (1 P)e sinY 0-p) Ye cos PtY
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(Pt—3)

- P[l-3Pt—3P+PH
+8(—1“_—“’P58 P*Y oos PEY — [S(I—P)(1+P)2 ]e Q+P )YCOS(ln.Pé)Y
P +3 o P[1+3P}—3P— Pt _
+§(lj5 e F YS]IIP%Y—- [S(I—P)(1+P)2 ]e‘(”P )YSIH(I—P%)Y:

(5.13)

where Cj is determined so that §,4(0) = 0 but where C, can be determined only
through the consideration of higher order effects in the outer boundary layer.
The leading term in (5.13) matches to the O(Z3) term in the inner expansion of
(4.15) (the O(Z?) term in that expansion is zero), but the term of O(Y) in (5.13)
would force us to revise the expansion (4.6a,b) so as to include an O(A~¥) term
which does not depend on time. This modification, however, does not affect
the determination of the lowest order solution in the outer boundary layer.

The O(e®A%) term in (5.1) arises from the non-linear interaction of ¥, and
6,3 and therefore fluctuates with the fundamental frequency. One can show that
it grows as Y at the edge of the Stokes layer and therefore presumably matches
to the O(e) term in the expansion (4.65) and decays within the outer boundary
layer.

For the case of a progressive wave, where the streamfunction is given by
(3.15), (3.17), we expand the temperature asin (5.1) with 0, 4 = 6, , = 0.If welet

Ogo = — 31 A{goo(Y) €%+ + g3 (Y ) e @7}, (5.14)
then g,o(Y) is given by (5.6). Further, if we let
010 = 2A425,0(Y) +24%,(Y) 254+ + 2 4297(Y) 2+, (5.15)

then §,,(Y) is given by (5.8), allowing a match to (2.23), and g,,(Y) is given by
(5.11).
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